We propose a generalization of the notion of the neutral element of aggregation operators. Our construction involves tuples of values that are neutral with respect to the result of aggregation. We model situations in which information from different sources, or preferences of several decision makers, cancel each other.
Introduction
Aggregation of pieces of information coming from different sources is an important task in expert and decision support systems, multicriteria decision making and group decision making. Aggregation operators are mathematical objects that perform precisely this type of information fusion.
Frequently these pieces of information contradict each other, and in some cases need to be cancelled out. For example, in group decision making, two members of a five-member jury may be in favor of a decision, and two may be against it. In this case the decision is based solely on the vote of the remaining fifth member. If the members of the jury are allowed to express the strength of their opinion, or have different voting power, their votes can cancel out in more complicated ways. For instance if two members are in favor of a decision, one weakly, the other one strongly, and two others are both moderately against, we still have the fifth member deciding the outcome. In politics, the balance of power is the term referring to one, or few members of minor parties whose vote or opinion is crucial, when the votes of members of major parties cancel each other. Under some aggregation rules, the outcome will be given exactly by the preferences of the minority parties, whereas other aggregation rules will modify these preferences.
Similarly, in expert systems there may be certain pieces of evidence in favor of a hypothesis, and certain pieces not supporting it, so that in total the hypothesis is neither supported nor rejected. In this case some additional evidence may be sought, which will be decisive. A classical example of an expert system with such behavior is MYCIN [3] .
In the above mentioned examples, the "pros" and "cons" cancel each other, and the outcome in some sense is neutral with respect to this information (evidence, opinions). We shall refer to it as neutral information. Within the framework of aggregation operators, the values that cancel each other will be referred to as neutral tuples, and the set made of all the neutral tuples of an aggregation operator will be called its neutral set.
The purpose of this paper is to study aggregation operators from the point of view of handling neutral information. It is organized as follows. After briefly recalling the main issues related to aggregation operators (Sec. 2), Section 3 generalizes the standard notion of a neutral element in order to deal with neutral tuples, and studies some basic properties of this generalization. Section 4 identifies the neutral sets of some of the most important families of aggregation operators, and, finally, the paper ends with some conclusions and pointers to future work.
Preliminaries
This section recalls the basic notions on aggregation operators that are needed in this paper (for details on the topic, see , [1, 4] and the recent overview on aggregation theory included in [2] ). If the unit interval [0, 1], denoted by I, is chosen as the basic domain, aggregation operators are defined as follows:
(ii) F (t) = t for all t ∈ I.
Each aggregation operator F can be represented by a family of n-ary operators f n : I n → I given by f n (x 1 , . . . , x n ) = F (x 1 , . . . , x n ). This representation allows to define most of the properties of aggregation operators. Let us recall, in particular, the definition of neutral element: Definition 2 Let F be an aggregation operator and (f n ) n∈l N the corresponding family of n-ary operations. An element e ∈ I is called a neutral element of F if for each n ≥ 2, for each i ∈ {1, . . . , n} and for all
Neutral information
According to the definition which has just been recalled, a neutral element of an aggregation operator F is a value e ∈ I that can be omitted, without influencing the final output, from any position of any input vector. In the following, in order to cope with larger pieces of neutral information, we generalize the standard definition of neutral element to the case of tuples ε = (ε 1 , . . . , ε m ) ∈ I m , m ∈ lN.
To denote the subsets of components of a vector x ∈ I n we shall employ the following notation. If I = {I 1 , . . . , I m } ⊂ {1, . . . , n} is an index set with cardinality 0 < m = |I| and p is a permutation of (1, . . . , m), then x I = (x I p (1) , ..x I p(m) ) will be used to denote the vector obtained from x by selecting the components whose indices are in I in the order given by the permutation p (and using the convention I 1 < . . . < I m ). Throughout this paper we will assume that the permutation p is given together with the set I, but will not mention it explicitly to avoid heavy notation. Definition 3 Let F be an aggregation operator and let I ⊂ {1, . . . , n}, n > 1, be an index set such that 0 < m = |I|. Then:
holds for all x ∈ I n such that x I = ε.
• The set made of all the tuples ε ∈ I m which are neutral for F at level n w.r.t. I will be denoted by E m (F, n, I) and will be called the neutral set of F at level n w.r.t. I.
Example 1 Let F be an aggregation operator, n = 3, I = {2, 3} with p = (2, 1) and
The above definition establishes that when aggregating n values with F , the information contained in a neutral tuple ε, if appearing in the positions indicated by some particular index set I, does not affect the final output. Of course, the same could happen -as it is the case of the standard neutral element -independently of the positions that the components of ε occupy in the input vector x and independently of the dimension of the input vector (as long as it is greater than the dimension of the neutral tuple). The next definition accommodates this situation.
Definition 4
Let F be an aggregation operator and let m ∈ lN. Then:
• A tuple ε ∈ I m is neutral for F when, for any n > m and for any index set I ⊂ {1, . . . , n} such that |I| = m, ε is neutral for F at level n w.r.t. I.
• The set made of all the tuples ε ∈ I m which are neutral for F will be denoted by E m (F ) and will be called the mneutral set of F .
whenever there exist i, j ∈ {1, . . . , n} such that
Remark 1 If F is an aggregation operator and m ∈ lN, then:
3. When choosing m = 1, Definition 4 recovers the standard definition of the neutral element, i.e.:
When referring to the set made of all the tuples, regardless of their dimension, which are neutral for a given aggregation operator F , we will use the following:
The neutral set of an aggregation operator F , denoted by E(F ), is the set made of all the tuples ε ∈ I m , m ∈ lN, which are neutral for F , i.e.,
Let us now discuss some general properties of neutral tuples. We can first of all notice that the concatenation of two neutral tuples provides a new neutral tuple. Indeed, if given
then the following result may be stated:
Proof. Let us suppose that it is ε ∈ I p and τ ∈ I q for some p, q ∈ lN. Then we have to prove that for any n > p + q and for any
Proposition 2 Let F be an aggregation operator with a non-empty neutral set E m (F, n, I) at level n. Then for any ε ∈ E m (F, n, I) and any x ∈ I n such that x I = ε and x I = (0, 0, . . . , 0):
Also for any ε ∈ E m (F, n, I) and any x ∈ I n such that x I = ε and x I = (1, 1, . . . , 1):
Proof. We have, respectively, f n (x) = f n−m (0, 0, . . . , 0) = 0, and
This result will be used later on in order to prove that there are aggregation operators -like, for example, the well-known arithmetic mean -that have empty neutral sets. However, Proposition 1 allows to establish, in particular, that there are at least some important families of aggregation operators with non-empty neutral sets (moreover, with non-empty m-neutral sets for any dimension m ≥ 1): 
Proof. e ∈ E 1 (F ) by definition (see Remark 1) . Then, applying Proposition 1 to ε = τ = e we get (e, e) ∈ E 2 (F ). The same result, applied to ε = (e, e) and τ = e, shows that (e, e, e) ∈ E 3 (F ), and, similarly, we get that, in general, (e, . . . , e) ∈ E m (F ) for any m ∈ lN.
Corollary 2 Let F be an aggregation operator with a neutral element e. Then the neutral set E m (F, n, I) is not empty for every I and m = |I|.
Thus we have established that aggregation operators with a standard neutral element e ∈ I, such as for example the well-known triangular norms, triangular conorms or uninorms, will have nonempty neutral sets, including, at least, the tuples of the form (e, . . . , e); later we shall see that, in some cases, neutral sets may have elements with a more complicated structure.
Recall also (see e.g. [2] ) that given an aggregation operator F and a monotone bijection ϕ : I → I, the operator F ϕ , defined, for any n ≥ 1 as ( 
where, if ε represents the vector
Proof. It suffices to take into account that ϕ(x) I = ϕ(x I ) for any bijection ϕ : I → I.
The above result may be applied, in particular, to the duality transformation, obtained when choosing
In such a case, the ϕ d -transform of a given aggregation operator F , F ϕ d , is known as the dual of F , and Proposition 4 states that the neutral tuples of a given operator may be directly obtained from the ones of its dual operator.
Neutral sets of aggregation operators
This section identifies the neutral sets of some of the most important families of aggregation operators (see e.g. [2] for appropriate references and details on these families).
Conjunctive and disjunctive operators
Conjunctive aggregation operators, i.e., those verifying F ≤ min, constitute an important class of operators that includes, in particular, any operator having neutral element 1, such as the already mentioned triangular norms (subsequently abbreviated as t-norms) or copulas (see e.g. [6] ). With regards to their neutral sets, the next result proves that these sets are either empty or they are limited to just one specific tuple: {(1, . . . , 1) }.
Proof.
Let us suppose that ε = (ε 1 , . . . , ε m ) ∈ E m (F, n, I) and let us choose x ∈ I n such that x I = ε and x I = (1, . . . , 1). Then Proposition 2 establishes that f n (x) = 1. Now, since F is conjunctive, this implies 1 = f n (x) ≤ min(x) = min(ε 1 , . . . , ε m ), that is, ε = (1, . . . , 1).
To prove Part 2 it suffices to consider Proposition 3 and Remark 1.
Disjunctive aggregation operators, that is, those verifying F ≥ max, are the dual operators of the conjunctive ones, so results similar to the ones dealing with conjunctive operators may be obtained by duality, using Proposition 4.
Proposition 6
Let F be a disjunctive aggregation operator. Then:
For any n > 1 and any index set
I ⊂ {1, . . . , n} such that 0 < m = |I|, it is E m (F, n, I) ⊆ {(0, . . . , 0)}.
If F has neutral element 0, then
Thus it appears that both conjunctive and disjunctive aggregation operators, in particular t-norms and t-conorms (the duals of tnorms), are not very interesting as far as neutral information is concerned, as they only have trivial neutral sets.
Uninorms
Let us now consider uninorms ( [5] ), which are associative and commutative aggregation operators with the neutral element e ∈ [0, 1].
Uninorms are necessarily discontinuous on I n , except when e = 0 or e = 1, in which case they coincide with t-norms or t-conorms. An interesting subclass of uninorms are the ones known as representable uninorms ([5] ), which, in the binary case, are continuous on I 2 \{(0, 1), (1, 0)} (for n variables discontinuity happens at all faces of I n whose coordinates contain at least one 0 and one 1). Representable uninorms are defined with the help of an additive generator, a monotone bijection
with the convention +∞ + (−∞) = −∞. The neutral element of representable uninorms is the zero of g, i.e., it is g(e) = 0.
Uninorms are frequently used in fuzzy systems modelling. A notable example is MYCIN's aggregation operator, which turns out to be a representable uninorm [3] .
Proposition 7 Let F be a representable uninorm, with the generator g.
Then for
Example 3
The so-called 3−Π operator (see e.g. [2] ), given by 
For each n, m, I the neutral set is given by
In particular, when |I| = 2, we have an explicit formula
Thus we also have, by concatenating neutral tuples as in Proposition 1
{x ∈ (0, 1)
and also {x ∈ (0, 1) m : x I 1 + x I 2 = 1,
etc.
Other generated aggregation operators
Consider now another class of aggregation operators similar to representable uninorms [7] .
where g (−1) denotes the pseudoinverse.
The function (2) is continuous on I n , but it is not associative. Further, on [e, 1] n it coincides with a (scaled) nilpotent t-conorm and on [0, e] n it coincides with a (scaled) nilpotent t-norm. As with uninorms, e is its neutral element, and when e = 1 or e = 0 we obtain t-norms and t-conorms as limiting cases. Regarding neutral tuples, we have an analogue of Proposition 7:
Proposition 8 Let F be a function given by (2) , with an additive generator g.
an ordinal sum of Lukasiewicz t-norm and t-conorm, given by
F (x) = max(0, min(1, 1 2 + n i=1 (x i − 1 2 ))) The neutral set E m (F ) = {x ∈ I m : m i=1 x i = m 2 }.
Quasi-linear T-S operators
Consider now quasi-linear T − S aggregation operators, which are constructed from a tnorm T , a t-conorm S, a parameter λ ∈]0, 1[ and a strictly monotone continuous function
This class includes the well-known linear and exponential convex T-S operators (see e.g. [2] ), obtained when choosing, respectively, g = Id and g = log. We have a negative result for this class of operators:
Proposition 9 Any quasi-linear T-S aggregation operator T S has empty neutral sets E m (T S, n, I).

Averaging operators
Definition 6 An aggregation operator is a weighted quasi-arithmetic mean [2] if it can be written as
with weighting vectors w n ∈ {w n ∈ I n :
, where g is a strictly monotone continuous function on the extended real line.
By associating the weights with the values of the arguments rather than their positions, we obtain the following class of averaging aggregation operators.
Definition 7
An aggregation operator is a generalized Ordered Weighted Averaging (OWA) operator [9] if it can be written as
where g and (w in ) are as in Definition 6 and x (i) is a vector obtained from x by arranging its components in increasing order.
We concentrate on operators such that all the weights w in are strictly positive and Ran g ⊂ lR:
Proposition 10 Let F be a an aggregation operator given by
where g and (w in ) are as in Definition 6, w jn > 0 for any n ∈ lN and any j ∈ {1, . . . , n}, Ran g ⊂ lR, and P is any permutation of (1, . . . , n). All neutral sets E m (F, n, I) are empty.
Proof. First we establish that
denote the subsets on which the aggregation operator coincides with maximum and minimum respectively. Indeed, if not all components of x are equal, then min(x) < F (x) < max(x), which follows from
Now, it follows from Corollary 1 that if x I ∈ E m (F, n, I), and x I = (0, . . . , 0), then x ∈ M ∧ n (F ), which implies x I = (0, . . . , 0). On the other hand, if x I ∈ E m (F, n, I), and
, which implies x I = (1, . . . , 1). Hence we have a contradiction.
Corollary 3 Weighted quasi-arithmetic means and generalized OWA operators with strictly positive weighting vectors and Ran g ⊂ lR have empty neutral sets E m (F, n, I).
The same result applies to all other averaging operators bounded by min(x) < F (x) < max(x), except on the diagonal, where the equality takes place.
Definition 8 [1, 2] A Choquet integral based aggregation operator with respect to a fuzzy measure v is given by
where (x (1) , x (2) , . . . , x (n) ) is a non-decreasing permutation of the input x, and x (n+1) = ∞ by convention.
Choquet integral based operators may have nontrivial neutral sets, as can be seen from the following example. Since Choquet integrals become weighted means for additive fuzzy measures and OWA operators for symmetric fuzzy measures, they may also have empty neutral sets.
Example 5 Consider fuzzy measure given by
v({1}) = a, v({2}) = 0, v({3}) = b, v({1, 2}) = 1, v({1, 3}) = c, v({2, 3}) = d, v({1, 2, 3}) = 1 where a, b, c, d ∈ I, a, b ≤ c, b ≤ d. The neutral set E 2 (C v , 3, {2, 3}) = {(1, 0)}, i.e., C v (t, 1, 0) = t.
Projection operators
The projections to the first and to the last coordinates, given, respectively, by It is clear from the definition that P F will have nonempty neutral sets E m (P F , n, I) = I m , if 1 / ∈ I and 0 < m < n, and E m (P F , n, I) = ∅ if 1 ∈ I. It is similar for P L , and thus projection operators deliver the largest possible neutral sets with any index set I : |I| = n − 1.
Of course, projection operators discard all information given by the components x I , and thus may seem to be of little practical interest. However they help to prove that the absence of a neutral element does not imply that the neutral sets are empty.
Self-dual operators
Self-dual operators have been characterized by Silvert [8] as those that are symmetric sums
with the convention
, where A is an aggregation operator.
Some self-dual aggregation operators, such as for example the arithmetic mean, have empty neutral sets (see Proposition 10), but others have non-empty ones. This is the case, for example, of self-dual aggregation operators having a neutral element (necessarily e = 1 2 ), since this property ensures non-empty neutral sets (Proposition 3). There are different ways for obtaining self-dual aggregation operators with the neutral element e = 1 2 . One is to take A as any non self-dual aggregation operator with neutral element e = 1 2 (if A is selfdual, we get F = A). Clearly, if A has the neutral element e = 1 2 , so does F . Another way is to define F as a representable uninorm such that g(x) + g(1 − x) = 0 (these uninorms are self-dual operators in the interior of the unit cube, [5] ) but now with the convention +∞ + (−∞) = 0. For instance, the operator given in Example 3, changing the convention to 0 0 = 1 2 , coincides with the 3 − Π uninorm in the interior of the unit cube, it is not associative, it is self-dual and has non-trivial neutral sets (the ones of the 3 − Π operator).
The following result for self-dual operators is also available:
Proposition 11 If ε is a neutral tuple of a self-dual aggregation operator F , then τ = 1− ε is also a neutral tuple.
In some cases we can characterize the neutral sets of self-dual aggregation operators using a necessary condition involving A:
Proposition 12 A necessary condition for a tuple ε to be a neutral tuple of a self-dual aggregation operator F with the neutral element e = 
Conclusions and future work
We extended the notion of the neutral element of aggregation operator to neutral set. The neutral sets range from empty sets to rather nontrivial subsets of the unit cube. In the future work we plan: a) To develop construction procedures allowing to obtain an aggregation operator with a predefined cancelative behavior. b) To develop a similar generalization for annihilation.
